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Abstract. Assume that x G [0, 1) admits its continued fraction expansion 
x = [ai(x), a2(x), ■ ■ ■]. The Khintchine exponent 7(2:) of x is defined by 
y(x) := lim — 1 ^°S a i( x ) when the limit exists. Khintchine spectrum 

n — >oo 

dirnS^ is fully studied, where := {x £ [0,1) : 7(2;) = §}(§> 0) and 
dim denotes the Hausdorff dimension. In particular, we prove the remark- 
able fact that the Khintchine spectrum dimi?j, as function of £ G [0, +00), 
is neither concave nor convex. This is a new phenomenon from the usual 
point of view of multifractal analysis. Fast Khintchine exponents defined by 
7^ (2;) := lim 52j=i l°g a j( x ) are a l so studied, where <p(n) tends to the 

infinity faster than n does. Under some regular conditions on <p, it is proved 
that the fast Khintchine spectrum dim({2i G [0, 1] : 7^(2:) = £}) is a constant 
function. Our method also works for other spectra like the Lyapunov spectrum 
and the fast Lyapunov spectrum. 



1. Introduction and Statements 

The continued fraction of a real number can be generated by the Gauss trans- 
formation T : [0, 1) -> [0, 1) defined by 

T(0) := 0, T(x) := - (mod 1), for x G (0, 1) (1.1) 

x 

in the sense that every irrational number x in [0, 1) can be uniquely expanded as 
an infinite expansion of the form 

' — (1.2) 



1 t \ 1 

ai[x) -\ ai{x) H 



«2 



a n [x)+T n {x) 



1 

a2(x) H 



03 (x) + ■■ 

where ai(x) = \ l/x\ and a n {x) — ai(T" _1 (a;)) for n > 2 are called partial quotients 
of x (\_x\ denoting the integral part of a;). For simplicity, we will denote the second 
term in (1.2) by [a\, 0,2, ■ ■ ■ , a n + T n (x)} and the third term by [ai, 02, 0,3, ■••]. 

It was known to E. Borel [5] (1909) that for Lebesgue almost all x € [0,1), 
there exists a subsequence {a nr (x)} of {a n (x)} such that a nr {x) — > 00. A more 
explicit result due to Borel-Bernstein (see [2, 5, 6]) is the 0-1 law which hints that 
for almost all x £ [0, 1], a n (x) > tp(n) holds for infinitely many n's or finitely many 
n's according to ^ diverges or converges. Then it arose a natural question 

n>l 

to quantify the exceptional sets in terms of Hausdorff dimension (denoted by dim). 
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The first published work on this aspect was due to I. Jarnik [21] (1928) who was 
concerned with the set E of continued fractions with bounded partial quotients and 
with the sets E 2 ,E 3 , ■ ■ ■ , where E a is the set of continued fractions whose partial 
quotients do not exceed a. He successfully got that the set E is of full Hausdorff 
dimension, but he didn't find the exact dimensions of E 2 , -E3, ■ ■ ■ • Later, many 
works are done to estimate d\mE 2l including those of I. J. Good [16], R. Bumby 
[9], D. Hcnsley [19, 20], O. Jenkinson and M. Pollicott [22], R. D. Mauldin, M. 
Urbanski [30] and references therein. Up to now, the optimal approximation on 
dim £2 is the result given by O. Jenkinson [23] (2004): 

dim£ 2 = 0.531280506277205141624468647368471785493059109018398779 • • • 

which is claimed to be accurate to 54 decimal places. 

In the present paper, we study the Khintchine exponents and the Lyapunov 
exponents of continued fractions. For any x € [0, 1) with its continued fraction (1.2), 
we define its Khintchine exponent 7(2) and Lyapunov exponent X(x) respectively 

by 

n-1 



n^oo TL 



1 

7(2;):= lim — y^logaj(x)= lim — } log ai(T 3 (x)), 

' -* n^oo n 

J=0 
1 n— 1 

lim -V log T'(T j (x)) 

-co 77, ^ — ' 



\(x): 



lim — log 

n— >oo n 



(T n )(x) 



if the limits exist. The Khintchine exponent of x stands for the average (geometric) 
growth rate of the partial quotients a n (x), and the Lyapunov exponent which is 
extensively studied from dynamical system point of view, stands for the expanding 
rate of T. Their common feature is that both are Birkhoff averages. 



Let (p : N 



Assume that linu, 



00. The fast Khintchine exponent 



and fast Lyapunov exponent of x € [0, 1], relative to (p, are respectively defined by 

n n— 1 



7 v (x) := lim — — V" log a,- (a; 



X v {x) := lim 



ip(n) 



lim 

n— >oo 



ip(n) 



2 log 01(^(3;)), 



log 



(T n )'(x) 



lim 



n-1 



log 



T'{Ti{x)) 



It is well known (see [4, 37]) that the transformation T is measure preserving 
and ergodic with respect to the Gauss measure [ic defined as 

dx 

(1 + x) log 2 

An application of Birkhoff ergodic theorem yields that for Lebesgue almost all 

xe [0,1), 



7 (x) 



/l 00 1 
lo Sai (x)d^ = _ g logn ■ log (l + ^—j) = 



2.6854... 



X(x) = \ Q 



log\T'(x)\dti c 



= 2.37314.... 



6 log 2 

Here £0 is called the Khintchine constant and Ao the Lyapunov constant. Both 
constants are relative to the Gauss measure. 
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For real numbers £, (3 > 0, we are interested in the level sets of Khintchinc 
exponents and Lyapunov exponents: 

E e := {x e [0, 1) : j(x) = £}, 
F :={xe [0,1): A(z)=/3}. 

We are also interested in the level sets of fast Khintchine exponents and fast Lya- 
punov exponents: 

Et(<p) :={xe[0,l):^(x)=O, 
Fp{ip) :={ig[fl,l):A^) = /?}. 

The Khintchine spectrum and the Lyapunov spectrum are the dimensional func- 
tions: 

t(£):= dim£ 5 t(0 := dimF £ . 

The following two functions 

^(0 := dim£; ? (^) i v (£) := dim i^(v?) 

are called the fast Khintchine spectrum and the fast Lyapunov spectrum relative to 
ip. 

M. Pollicott and H. Weiss [36] initially studied the level set of Fp and obtained 
some partial results about the function £(£). In the present work, we will give a 
complete study on the Khintchine spectrum and the Lyapunov spectrum. Fast 
Khintchine spectrum and fast Lyapunov spectrum are considered here for the first 
time. We shall see that both functions and t v (t;) are equal. 

We start with the statement of our results on fast spectra. 

Theorem 1.1. Suppose (<p(n + 1) - ip(n)) | oo and lim := b > 1. Then 

E t {ip) = F 2e (» and dim£ e (<^) = 1/(6+1) for all £ > 0. 

In order to state our results on the Khintchine spectrum, let us first introduce 
some notation. Let 

D := {(t, q) e M 2 : 2i - g > 1}, L» := {(*, ?) G M 2 : It - q > 1, < t < 1}. 
For (t, q) e D, define 

_^ oo oo / n 

P(£, g) := lim - log V • • • V exp sup log TT • • • , uj n + x]) 2t 

It will be proved that P(t, q) is an analytic function in D (Proposition 4.6). 

Moreover, for any £ > 0, there exists a unique solution (£(£) , <?(£)) € Do to the 
equation 

P(t,q)=qli, 
dP , . ^ 

^M) = e 

(Proposition 4.13). 

Theorem 1.2. Let = j\oga\{x)dnc{x). For £ > 0, the set is of Hausdorff 
dimension £(£). Furthermore, the dimension function £(£) /las f/ie following prop- 
erties: 

1) i(£o) = 1 and t(+oo) = 1/2; 
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2) f (£) < for all £ > ft, f (&) = 0, and f (£) > /or a/Z £ < ft; 

3) i'(0+) = +oo and t'(+oo) = 0; 

4) i"(ft) < 0, oui t"(ft) > /or some ft > ft, so is neither convex nor 
concave. 

See Figure 1 for the graph of t(ft\ 




Figure 1. Khintchinc spectrum 

It should be noticed that the above fourth property of i(ft\ i.e. the non-convexity, 
shows a new phenomenon for the multifractal analysis in our settings. 
Let 



D:={(t,q) :t-q> 1/2} 
For (t, q) £ D, define 

Pi(t,q) := lim - 

n— >oo 77, 



A) :={(*, g) :t-q> 1/2, < f < 1}. 



log ■ • • 51 CX P SU P lo S II ( [^i ' 



OJl — 1 



xe[o,x] 



■x]) 



2(i-q) 



In fact, Pi(?, (?) = P{t — q, 0), thus Pi(t, (?) is analytic in D. 
Denote 70 := 2 log 1+ 2 V ^ . For any (3 S (70,00), the system 

P 1 (t,q)=q0, 
f) P 

admits a unique solution (t((3), q((3)) € Do (Proposition 6.3). 

Theorem 1.3. Let A = / log \T'(x)\dfj, G and 70 = 21og±^. For any (3 e 
[70,00), i/ie sei FJg is of Hausdorff dimension t(j3). Furthermore the dimension 
function /ias the following properties: 

1) t(A ) = 1 and t(+oo) = 1/2; 

2) i'(/3) < /or /3 > A , t'(X ) = 0, and t'(f3) > for all /3 < A ; 

3) ?(7o+) = +00 and ?(+oo) = 0; 



KHINTCHINE EXPONENTS AND LYAPUNOV EXPONENTS 5 

4) ?'(Ao) < 0, but t"(Pi) > for some f3\ > Ao, i.e., t{(3) is neither convex nor 
concave. 

See Figure 2 for the graph of t{0). 
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Figure 2. Lyapunov spectrum 
The last two theorems are concerned with special Birkhoff spectra. In general, 
let (X, T) be a dynamical system (T being a map from a metric space X into itself). 
The Birkhoff average of a function <f> : X — > R, defined by 

^ n— 1 

$(x) := lim - V 0(T J '(a;)) a; S X 

n — >oo 77, ' ^ 

(if the limit exists) is widely studied. From the point of view of multifractal analysis, 
one is often interested in determining the Hausdorff dimension of the set {x G X : 
4>{x) = a} for a given a£l. The function 

/(a) := dim ({x <E X : <p(x) = a}) 

is called the Birkhoff spectrum for the function <f>. When X is compact, T and 
tfi are continuous, the Birkhoff spectrum are well studied (see [1, 14, 15] and the 
references therein. See also the book of Y. B. Pesin [35]). 

The main tool of our study is the Ruelle-Perron-Frobenius operator with poten- 
tial function 

$ t , g (z)=tlog|T'(z)|+glogai(x), # t (z) = Hog \T'{x)\, 

where (t, q) are suitable parameters. The classical way to obtain the spectrum 
through Ruelle theory usually fixes q and finds T(q) as the solution of P(T(q), q) = 
0. (Here P(t, q) is the pressure corresponding to the potential function of two 
parameters.) By focusing on the curve T(g), one can only get some partial results 
([36]). In the present paper, we look for multifractal information from the whole 
two dimensional surface defined by the pressure P(t, q) rather than the single curve 
T(q). This leads us to obtain complete graphs of the Khintchine spectrum and 
Lyapunov spectrum. 
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For the Gauss dynamics, there exist several works on pressure functions associ- 
ated to different potentials. For a detailed study on pressure function associated 
to one potential function, we refer to the works of D. Mayer [32, 33, 34], and for 
pressure functions associated to two potential functions, we refer to the works of M. 
Pollicott and H. Weiss [36], of P. Walters [38, 39] and of P. Hanus, R. D. Mauldin 
and M. Urbanski [17]. We will use the theory developed in [17]. 

The paper is organized as follows. In Section 2, we collect and establish some 
basic results that will be used later. Section 3 is devoted to proving the results 
about the fast Khintchine spectrum and fast Lyapunov spectrum (Theorem 1.1). 
In Section 4, we present a general Ruelle operator theory developed in [17] and then 
apply it to the Gauss transformation. Based on Section 4, we establish Theorem 
1.2 in Section 5. The last section is devoted to the study of Lyapunov spectrum 
(Theorem 1.3). 

The present paper is a part of the second author's Ph. D. thesis. 

2. Preliminary 

In this section, we collect some known facts and establish some elementary prop- 
erties of continued fractions that will be used later. For a wealth of classical results 
about continued fractions, see the books by J. Cassels [10], G. Hardy and E. Wright 
[18]. The books by P. Billingsley [4], I. Cornfeld, S. Fomin and Ya. Sinai [11] con- 
tain an excellent introduction to the dynamics of the Gauss transformations and 
its connection with Diophantine approximation. 

2.1. Elementary properties of continued fractions. Denote by p n /q n the 
usual n-th convergent of continued fraction x — \a\(x), a,2(x), ■ ■ ■ ] € [0,1) \ Q, 
defined by 

— := [ai(x),- • • ,a n (x)] := = . 

qn oi (x) + 



a2(x) + 



a n (x) 

It is known (see [26] p. 9) that p n , q n can be obtained by the recursive relation: 
P-i = 1, Pa = 0, p n = a n p n -i +p n -2 {n>2), 
q-i = 0, q = 1, q n = a n q n -i + q n -2 {n > 2). 
Furthermore, we have 

Lemma 2.1 ([28] p. 5). Let s\, ■ ■ ■ ,e„ € M + . Define inductively 

Q-l =0, Qo = 1, Qn(£l, • • • , £n) — £ n Qn-l(£l, 1 ' ' , £n-l) + ' ' ' , £n-2)- 

(Q n is commonly called a continuant.) Then we have 

(i) Q„(£l, • • • , £ n ) — Qn(£n, ■ • • , £1); 

(ii) q n = Q n (ai, ••• , a n ), Pn = Q n -i(a2, ••• ,a n ). 

As consequences, we have the following results. 

Lemma 2.2 ([26]). For any a\, a 2 , ■ ■ ■ , a n ,b\, ■ ■ ■ ,b m e N, let q n = q n {a\, ■■ ■ ,a n ) 
and p n = p n (oi, • ■ ■ , a n ). We have 

(i) p„-iq n -p„q n -i = (-1)™; 

(ii) q n+m (ai, ■■■ ,a n ,h,--- ,b m ) = q n (ai, ■ ■ ■ ,a n )q m (bi, ■ ■ ■ ,b m ) + 

q n -i{a\,--- ,a n -i)p m -i{bi, - ■ ■ ,6 m _i) 
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(iii) q n > 2 2 ; ]J a k < q n < ]J (a k + 1). 

k=l k=l 



Lemma 2.3 ([41]). For any ai, a 2 , • • • , a n ,b £ N, 



b+ 1 g„+i(ai,- • • ,a,-,&,aj + i, 



< 



, On) 



,ffln) 



<o+l (Vl<j<n). 



2 9n(ai, • • • , a,j,a j+ i, 

For any ai, 02, • • • , a„ £ N, let 

I n (ai,a,2, ■■■ ,a n ) = {x £ [0, 1) : ai(a:) = oi,a 2 (a;) = a 2 , • • • ,a n (x) = a n } (2.1) 
which is called an n-th order cylinder. 

Lemma 2.4 ([28] p. 18). For any a\, a 2 , • • • , a„ £ N, ifte n-t/i order cylinder 
7„(ai,a 2 , • • • , a„) is i/ie interval with the endpoints p n /q n and (p n + p n -i) / (q n + 
q n -i)- As a consequence, the length of I n {a\, ■ ■ ■ ,a n ) is equal to 

1 



I n (ai, • • • , a n ) 



(2.2) 



q n {q n + q n -i) ' 

We will denote I n (x) the n-th order cylinder that contains x, i.e. I n (x) = 
I n (ai(x), ■ ■ ■ ,a n (x)). Let B(x,r) denotes the ball centered at x with radius r. 
For any x £ I n (a\,--- ,a n ), we have the following relationship between the ball 
B(x, \I n (ai, ■ ■ ■ ,a n )\) and I n {ai, • • • ,a n ), which is called the regular property in 
[7]- 

Lemma 2.5 ([7]). Let x = [a\, a 2 , • • • ]. We have: 

3 

(i) ifa n ^ 1, B(x, \I n {x)\) C U J n (ai, • • • , a„ + j); 

i=-i 

3 

(ii) i/a n = 1 and a„_i ^ 1, B(x, \I n (x)\) C [j /„_i(oi, • • • , a„_i + j); 

i=-i 

(iii) i/a„ = 1 and a n _i = 1, B(x, |/„(ar)|) C I n - 2 (ai, • • • ,a n _ 2 ). 

The Gauss transformation T admits the following Jacobian estimate. 

Lemma 2.6. There exists a positive number K > 1 such that for all irrational 
number x in [0, 1), one has 



< — < sup sup 



K 



n>0 y£l n (x) 



(T«)'(x) 



(Tn)'(y) 



< K < 00. 



Proof. Assume ir = [a\, • • • , a n , • • • ] £ [0, 1) \ Q. For any n > and y £ I n (x) 
I n {a\, • • • , a n ), by the fact that T'(x) = —-^ we get 

n—1 n—1 

2|log|T , (T'"(aO)| - log I = 2^ | logT>'(z) - logT'(y) . 

3=0 j=o 
Applying the mean-value theorem, we have 

Ti(x)-Ti{y)' 



\\ogT'(x)-\ogT>{y)\ 



< 



a j+ i 



T 3 {z) q n -j(aj + i,- ■ ■ ,a n ) 

where the assertion follows from the fact that all three points T J (x) , T J (y) and 
Ti(z) belong to I n _j(a,j + i, • • • , a n ). By Lemma 2.2, we have 

n—1 n — 1 n — 1 / -, \ n—j — 2 



j~o j~o 1n-j-i(aj+2, ■■■ ,a n ) j=Q 



< 



El 



< 4. 
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Thus the result is proved with K = e 4 . □ 

The above Jacobian estimate property of T enables us to control the length of 
I n (x) by \(T n Y(x)\-\ through the fact that J In(x) \{T n )'{y)\dy = 1. 

Lemma 2.7. There exist a positive constant K > such that for all irrational 
numbers x in [0, 1), 

1< < K . 
K ~ |(T")'(x)|-i " 

We remark that from Lemma 2.4 and Lemma 2.7, we have 

^q 2 n (x)<\(T n )'(x)\<K q l(x). 

So the Lyapunov exponent X(x) is nothing but the growth rate of q„(x) up to a 
multiplicative constant 2: 

2 

X(x) = lim - \ogq n (x). 

71 — *00 ft 

For any irrational number x in [0, 1), let N n {x) :— {j < n : dj(x) ^ 1}. Set 
A:= {xe [0,1] : lim -\ogq n (x) = 

1 ™ 

S := (a; e [0, 1] : lim - V logo, (a;) = o), 

i=i 

C:=(ie[0,l]: lim -tfA^z) = o), 

L n— >oo n J 

where % stands for the cardinal of a set. Then we have the following relationship. 
Lemma 2.8. With the notations given above, we have 

A = B C C. 

Proof. It is clear that A C C and B C C. Let us prove A = B. First observe that, 
by Lemma 2.3, we have 



-log<7„(x) > - > log^^ + -loggr n _,|iv n (l,...,l) 

jeN n (x) 

- \ 2 lo g fl j( x )~^ Z log2+^logg„_ttJv n (l,...,l). 



Assume xeA. Since A C C, we have 

-- Z 1 °g 2 + - 1 °g'?«-tlA r n ( 1 '---' 1 ) — ^0 + "^ (n-»oo). 

Now by the assumption i e A, it follows 

1 ™ 1 
lim — y^logaufx) = — log a, fx) = 0. 

i=i jeN n (x) 
Therefore we have proved Ad B. For the inverse inclusion, notice that 

-logq„(x)<- V log(a j (z) + l) + -logg„_ t |jv n (l,...,l). 

n n s n 

jeN n (x) 
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Let x € B. Since B C C, we have 

lim - logg„_(|jv n (l, . . . , 1) = ^. 
Therefore by the assumption i e B, we get 

limsup-logg„(a;) < 

-co W ^ 

Thus Be A □ 

2.2. Exponents 7(2;) and A(x). In this subsection, we make a quick examination 
of the Khintchine exponent 7(2:) and compare it with the Lyapunov exponent X(x). 
Our main concern is the possible values of both exponent functions. 

A first observation is that for any x e [0, 1), 7(2;) > and A(a:) > 70 = 2 log v ^ +1 ■ 
By the Birkhoff crgodic theorem, we know that the Khintchine exponent 7(2;) 
attains the value £0 for almost all points x with respect to the Lebesgue measure. 
We will show that every positive number is the Khintchine exponent 7(2;) of some 
point x. 

Proposition 2.9. For any £ > 0, there exists a point xq G [0, 1) such that 7(2:0) — 
t 

Proof. Assume £ > ( for £ = 0, we take x = 1+ 2 V ^ corresponding to a n = 1.) 
Take an increasing sequence of integers {rik}k>i satisfying 

no = 1, nk+i — rife — > 00, and — > 1, as k — > 00. 

rik+i 

Let xq £ (0, 1) be a point whose partial quotients satisfy 

e (n»-n»_iK < < e (n»-n*_i)« + j. ^ = 1 othcrwise . 

Since for n k < n < n fc+1 , 

k ^ n k 



1 I " 1 

Vloge^-"'- 1 ^ < - Vfoga, < — Vlogfe^-^-^^ + l), 

2=1 J = l 1 = 1 

we have 

1 ™ 

7(2:0) = lim - V log 0,(2;) = £. 



n. 



□ 



In the following, we will show that the set and F\ are never equal. So it is two 
different problems to study 7(2;) and \{x). However, as we will see, E^((p) = F2^((f>) 
when </> is faster than n. 

Proposition 2.10. For any £ > and A > 2 log ^ +1 , we have ^ F\. 

Proof. Given £ > 0. It suffices to construct two numbers with same Khintchine 
exponent £ but different Lyapunov exponents. 

For the first number, take just the number x constructed in the proof of Propo- 
sition 2.9. We claim that 

A(.T ) = 2£ + 21og^±i. (2.3) 
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In fact, by Lemma 2.3 we have 



Then by the assumption on n^, we have 
A(x ) 



lim - log q n (xo) = 2(g + log V ^ + 1 ). 

n^oo n 2 



Construct now the second number. Fix k > 1. Define xi = 

fc 

' " ' " , 1, L^J 



(2.4) 
where 



,1,' 



(- 



=(fe+i)€ 



kn 



Notice that there are n small vectors (1, • • • ,1, [e fe *J ) in q n and the length of q n is 
equal to Nk := kn + 1. We can prove 

7(*i)=& A( a;i ) = A([l,-.. ,Le fc «j]) +2e-^logLe fc «J, 

by the same arguments as in proving the similar result for xq. It is clear that 
A(xo) ^ A(xi) for large fc > 1. □ 
It is evident that Proposition 2.9 and the formula (2.3) yield the following result 
due to M. Pollicott and H. Weiss [36]. 

Corollary 2.11 ([36]). For any A > 2 log v ^ +1 , there exists a point x e [0,1) 
such that A(x ) = A. 

2.3. Pointwise dimension. We are going to compare the pointwise dimension 
and the Markov pointwise dimension (corresponding to continued fraction system) 
of a Borel probability measure. 

Let n be a Borel probability measure on [0, 1). Define the pointwise dimension 
and the Markov pointwise dimension respectively by 

dM := SM := lim 

r^O logr n->oo log|i„(x)| 

if the limits exist, where B(x,r) is the ball centered at x with radius r. 

For two series {tt n }n>o an d {^n}n>0) we write u n x u„ which means that there 
exist absolute positive constants C\,ci such that ciu n < u n < Civ n for n large 
enough. Sometimes, we need the following condition at a point x: 



M (B(x,|/„(x)|))x A1 (/ n (x)). 
We have the following relationship between <5 M (x) and d M (x). 
Lemma 2.12. Let fi be a Borel measure. 

(a) Assume (2.5). If d^(x) exists then 6 M (x) exists and S n (x) =d n (x). 

(b) If S(i(x) and A(x) both exist, then d^x) exists and ^(x) = d^x). 

Proof, (a) If the limit defining d fJ- (x) exists, then the limit 

log M (B(x,|/„(x)|)) 



(2.5) 



lim 

n— >+oo 



log I I n (x) | 
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exists and equals to d^x). Thus by (2.5), the limit defining S^(x) also exists and 
equals to d f _ l (x). 

(b) Since X(x) exists, by Lemma 2.7 we have 

Um iggj^ML = lim I]og|J n ( a: )|/^-Iog|/ n+1 ( a; )| = 1. (2.6) 

n^oo log \l n +l (X)\ n=on n+1 

For any r > 0, there exists an n such that |/ n+ i(x)| < r < |J n (a;)|. Then by Lemma 
2.5, we have I n +i(x) C B(x,r) c I n -2{x). Thus 

log fj,{I n - 2 (x)) < log fi(B{x,r)) < logn(I n+1 (x)) 
log|J„+i(x)| ~ logr ~ log | J„(ac)| 

Combining (2.6) and (2.7) we get the desired result. □ 

Let us give some measures for which the condition (2.5) is satisfied. These 
measures will be used in the subsection 5.1. The existence of these measures fi t , q 
will be discussed in Proposition 4.6 and the subsection 5.1. 

Lemma 2.13. Suppose Ht,q is a measure satisfying 

Ht, q (I n (x)) sc exp(-nP(t,q))\I n (x)\* JJ a 



n 

Q 

3 ' 



where P(t,q) is a constant. Then (2.5) is satisfied by jJL t . q . 

Proof. Notice that when a n (x) = 1, /j, t ,q(In(x)) x /j, t , q (I n -i{x))- Then in the 
light of Lemma 2.5, we can show that (2.5) is satisfied by \i t , q - □ 

3. Fast growth rate: proof of Theorem 1.1 

3.1. Lower bound. We start with the mass distribution principle (see [12], Propo- 
sition 4.2), which will be used to estimate the lower bound of the Hausdorff dimen- 
sion of a set. 

Lemma 3.1 ([12]). Let E c [0, 1) be a Borel set and /x be a measure with fi(E) > 0. 
Suppose that 

„ log u(B(x, r)) 
liminf 6 , V - " >s, Vx e E 
r^O log r 

where B(x, r) denotes the open ball with center at x and radius r. Then dimE > s. 

Next we give a formula for computing the Hausdorff dimension for a class of 
Cantor sets related to continued fractions. 

Lemma 3.2. Let {s n } n >i be a sequence of positive integers tending to infinity with 
s n > 3 for all n> 1. Then for any positive number N > 2, we have 

dim{x G [0, !):«„< a n (x) < Ns n V n > 1} = liminf ■ '"^ S 1 * 2 ' ' ' " i; ' 



i^oo 2l0g(siS 2 ' ' -Sn) + l0gS„+l ' 

Proof. Let F be the set in question and so be the liminf in the statement. We call 
J{a\, a,2, ■ ■ ■ , a n ) := CI I n+ \{a\, ■ ■ ■ , a n , a„+i) 

a n + 1 >s n + 1 
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a basic CF-interval of order n with respect to F (or simply basic interval of order 
n), where Sk < at < Nsk for all 1 < k < n. Here CI stands for the closure. Then 
it follows that 



F=f] |J J(a u --- ,a n ). 

n—l s k <a k <Ns k ,l<k<n 



By Lemma 2.4, we have 
J(ai, ■■■ ,a n ) 



Pn S n+ ip n +p n -l 

qn s n +iq n + q n -i 



Sn+lPn +Pn-1 Pn 
Sn+iqn + q-n-1 9n 



(3.1) 



(3.2) 



according to n is even or odd. Then by Lemma 2.4, Lemma 2.2 and the assumption 
on dfc that Sfe < ftfc < Nsk for all 1 < k < n, we have 



1 



2N n s n+1 { Sl ■ ■ ■ s n ) 2 



< 



J(ai,- • • ,a„) 



1 



< 



1 



Since s k — > oo as k oo, then 



Qn—l) s n-\-l (Sl ■ ■ -Sn) 2 ' 

(3.3) 



logsiH hlogs„ 

hm = oo. 

n^oo Tl 

This, together with the definition of s , implies that for any s > s , there exists a 
sequence {rig : I > 1} such that for all £ > 1, 



{[ Sk < (s nt+ i(si 
fe=i 



2\ 2 



Then, by (3.1), together with (3.3), we have 



H S (F) < liminf 

I— >oo 



E 



< 



Sfc<Ofc<7ViSfc,l<fc<ra£ 

(jv-irn-* 

fe=l 



J(ai,--- ,a„J 
1 



< l. 



Since s > sq is arbitrary, we have dimF < sq. 

For the lower bound, we define a measure fi such that for any basic CF-interval 
J(a ll a 2l • • • , a n ) of order n, 



fj,(J(ai,a,2, ■ ■ ■ ,a n )) = ]J 



1 



L = l(A7_i) s / 

By the Kolmogorov extension theorem, ji can be extended to a probability measure 
supported on F. In the following, we will check the mass distribution principle with 
this measure. 

Fix s < sq. By the definition of so and the fact that Sk — > oo (k — > oo) and that 
TV is a constant, there exists an integer no such that for all n> n , 



l[(N-l)s k > is n+1 (l[N S k) 2 



(3.4) 



We take ro 



fe=i 

1 1 



fe=i 



27V"° s no+ i(si • • • 

"no / 
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For any x € F, there exists an infinite sequence {01, <Z2, • • • } with Sfe < au < 
Nsk, Vfc > 1 such that x e J(a\, • • • , a n ), for all n > 1. For any r < ro, there exists 
an integer n > n such that 

|J(ai, • • • ,a„+i)| < r < |J(ai, • • • ,a n )\. 

We claim that the ball B(x,r) can intersect only one n-th basic interval, which 
is just J(ai, ■ • ■ ,a n ). We establish this only at the case that n is even, since for 
the case that n is odd, the argument is similar. 

Case (1): s n < a n < Ns n — 1. The left and right adjacent n-th order basic 
intervals to J(a\, • • • , a n ) are J(a±, ■ ■ ■ , a n — 1) and J(a±, ■ ■ ■ , a n + 1) respectively. 
Then by (3.2) and the condition that s n > 3, the gap between J(a\, • • • , a n ) and 
J(ai, ■• • ,a n - 1) is 



(Pn -Pn-l) 

9n 



Sn+1 - 1 



s„+i(<?« - q n -i) + q n -i 



> 



J(ai, ■ ■ ■ , a„' 



Hence B(x,r) can not intersect J(a 1; 
J(oi, • • • , a„) and J(ai, ■ • • , a n + 1) is 



q n [s n+ i{q n - q n -i) + <7 n _i) 

,a„ — 1). On the other hand, the gap 



Pn+Pn~l S n+ ip n 



Sn+1 - 1 



> 



J(ai, • • • ,a„) 



9n + Sn+l9n + 3n-l {<ln + q n -l){s n +iqn + 5n-l) 

Hence B(x, r) can not intersect J{a\, ■ ■ ■ ,a n + l) either. 

Case (2): a n = s n . The right adjacent n-th order basic interval to J{a\, • • • , a n ) 
is J(&i, • • • , a n + 1). The same argument as in the case (1) shows that B(x,r) 
can not intersect J(a 1; • • • , a n + 1). On the other hand, the gap between the left 
cndpoint of J(a\, • • • , a„) and that of J„_i(ai, • • • , a„_i) is 



q n 



■Pn-l +Pr, 



1 



> 



J(oi,--- ,a„) 



+ <7n-2 {q n -i + q n -2)q n 

It follows that B(x,r) can not intersect any n-th order CF-basic intervals on the 
left of J(oi, • • • , a n ). In general, B(x, r) can intersect no other n-th order CF-basic 
intervals than J(ai, • • • , a n ). 

Case (3): a n = Ns n — 1. From the case (1), we know that B(x,r) can not 
intersect any n-th order CF-basic intervals on the left of J(a\,--- ,a n ). While 
for on the right, the gap between the right endpoint of J(a\, • • • , a n ) and that of 
^ n -i(ai, • • • ,a„-i) is 

s„+ip„ +Pn-1 



Pn-L 

q n -i 



Sn+1 



> 



J(oi, • • • ,a n ) 



s n +iqn + q n -i {s n+ iq n + q n -i)q n - 

It follows that B(x,r) can not intersect any n-th order CF-basic intervals on the 
right of J(ai, • • • ,a„). In general, B(x,r) can intersect no other n-th order CF- 
basic intervals than J(a\, • • • , a n ). 

Now we distinguish two cases to estimate the measure of B(x,r). 

Case (i). \J(ai, • • • , a n+1 )| < r < |J n+1 (ai, • • • , a n+ i)|. By Lemma 2.5 and the 
fact a„+i 7^ 1, B(x,r) can intersect at most five (n + l)-th order basic intervals. 
As a consequence, by (3.4), we have 



n+l , 

n{B{x, r)) < 5 TT — — — < 5 7T7—r- 



si ■ ■ -s n+1 ) 2 



(3.5) 
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Since 



r > 



J(ai, ■ ■ ■ , a n +i) 



q n+1 (s n+2 q n +i + Qn) > 2s n+2 (N n + 1 s 1 ■ ■ ■ s n+1 ) 2 ' 



it follows that 

fj,(B(x,r)) < 10r s . 

Case (ii). |J n +i(ai, • • • , o„+i)| < r < \J(ai, • • • , a„)|. In this case, we have 



1 

q n +i(q n +i + q n ) ~ 2q. 



In+i(ai, ■ ■ ■ , a-n+i) = — 1 - T\" ^ o. 1 



Li - 2ivi+^ (n-*) • 



So B(x,r) can intersect at most a number 8r7V 2 ( n+1 ) (si • • • s„+i) 2 of (n + l)-th 
basic intervals. As a consequence, 

n+l , 

A*(B(x,r)) < min{M%,- ,0), 8r7V 2 (" +1 > ( 8l ■ ■ ■ s n+1 f J[ (jv _ 1)g J 

By (3.4) and the elementary inequality min{a, 6} < a 1_,s 6 s which holds for any 
a, b > and < s < 1, we have 

MB(*,r)) < ( tttit" xo") ■ f8rAT 2 ("+ 1 )( Sl ... s „ +1 )° ' 



*n+i(jv n «i ■■■*„) V v (tv-i)s„+i 

< 16iVr s . 

Combining these two cases, together with mass distribution principle, we have 
dimF>s . □ 

Let 

E' = {x e [0, 1) : e v(«)-v(n-i) < fln ( x ) < 2e vW-v(n-i) ) Vn > 1}. 
It is evident that E' C E^{ip). Then applying Lemma 3.2, we have 

Eefr) > hminf - ^ - - = J-. 

n— >oo ^?(n + 1) + ^j(n) o+l 

3.2. Upper bound. We first give a lemma which is a little bit more than the 
upper bound for the case 6 = 1. Its proof uses a family of Bernoulli measures with 
an infinite number of states. 

Lemma 3.3. If lim = oo, tften dim^(^) < ±. 

Proof. For any t > 1, we introduce a family of Bernoulli measures fit- 

IH(I n (ai,--- ,o n )) = e- nC W-*S?=iiog-i(x) (3 . 6) 

OO 

where C7(t) = log £ 

n=l 

Fix a; € E^(ip) and e > 0. If n is sufficiently large, we have 

n 

K-eMn) < ^ logons) < K + eMn). (3.7) 
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So 



c n u e »&> 



N=l n=N 



where 



E n (e) = {x e [0, 1) : (£ - e) V (n) < ^ logons) < (£ + e)^(n)}. 

j=i 

Now let I(n, e) be the family of all n-th order cylinders I n {a\, • • • , a n ) satisfying 
(3.7). For each N > 1, we select all those cylinders in U^L.iv^( n : e ) which are 
maximal (7 e U^Ljv^-( n > e ) ^ s maximal if there is no other I' in U^Ljv-^( n ' e ) 
such that I C I' and 7 7^ /'). We denote by J{N,c) the set of all maximal 
cylinders in \J^= N 1{n, e). It is evident that J{N,e) is a cover of E^((p). Let 
/„(oi, ■ ■ • , On) e J"(iV, e), we have 

On the other hand, 



7„(ai, • 



„ -2 E logo 3 - 

< e -21ogg„ < e 3 = 1 < g-2(£-e)v>(n)_ 



Since lim = 00, for each s > i/2 and large enough, we have 

71— >00 n 

7„(oi,-- ■ ,a n ) < m{I n {a\,-- ■ ,a n )). 
This implies dim E^(ip) < 1/2 = 



□ 



Now we return back to the proof of the upper bound. 

Case (i) 6=1. Since (tp(n + 1) — ¥?(n)) j 00, Lemma 3.3 implies immediately 
dim E^ip) < |. 

Case (li) 6 > 1. By (3.7), for each x € E^(ip) and n sufficiently large 
(f - e)<^(n + 1) - (£ + e)p(n) < loga n+1 (x) < (£ + e)p(n + 1) - (f - e)p(n). 
Take 

L = e «-e)v(n+l)-(S+e)v(n) ) M„+i = e (£+e)¥ ' (n+1) " (£ " 6)¥ ' ( " ) . 

Define 

= [0, 1] : L n < a„(x) < M n , Vn > iV}. 

Then we have 

00 

C (J Fat. 

AT=1 

We can only estimate the upper bound of dim.Fi. Because Fjv can be written 
as a countable union of sets with the same form as F\ , then by the cr-stability of 
Hausdorff dimension, we will have dim Fn = dim F\ . We can further assume that 
M n >L n + 2. 

For any n > 1, define 

A, = {(o-i, • • • , <?n) e N™ : L fe < (Tfe < M fe , 1 < fc < n}. 
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It follows that 



where 



n>l ((7i,— ,cr n )eD n 



J(ai,- ■ ■ ,a n ) := CI [J I(ai, ■ ■ ■ , a n , a) 

cr>L„ + i 

(called an admissible cylinder of order n). For any n > 1 and s > 0, we have 



^ J(o~i, ■ ■ ■ )0V») 

(<ti,--- ,ff„)ED„ 



((71,- ,<T„)G-D„ 



1 



Qn L 



n+1 



< 



Mi • • • M„ 



((L 1 -.i„)2i„ +1 ) S ' 



It follows that 



dim Fi < lim inf 



log Mi + ■ ■ ■ + log M n 

E logL fe + X) logife V A ' 
fc=i fe=i 



Letting e — > 0, we get 



dim ^(p) < ^-j-y. 



4. RUELLE OPERATOR THEORY 

There have been various works on the Ruelle transfer operator for the Gauss 
dynamics. See D. Mayer [32], [33], [34], O. Jenkinson [23], O. Jenkinson and M. 
Pollicott [22], M. Pollicott and H. Weiss [36], P. Hanus, R. D. Mauldin and M. 
Urbanski [17]. In this section we will present a general Ruelle operator theory for 
conformal infinite iterated function system which was developed in [17] and then 
apply it to the Gauss dynamics. We will also prove some properties of the pressure 
function in the case of Gauss dynamics , which will be used later. 



4.1. Conformal infinite iterated function systems. In this subsection, we 
present the conformal infinite iterated function systems which were studied by P. 
Hanus, R. D. Mauldin and M. Urbanski in [17]. See also the book of Mauldin and 
Urbanski [31]. 

Let X be a non-empty compact connected subset of R d equipped with a metric 
p. Let I be an index set with at least two elements and at most countable elements. 
An iterated function system S = {<pi : X — > X : i e 1} is a collection of injective 
contractions for which there exists < s < 1 such that for each i £ I and all 
x,y £ X, 



p(<j>i(x),<l>i(y)) < s p{x,y)- 



(4.1) 
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Before further discussion, we are willing to give a list of notation. 

• I n '■— {oj : uj — (wi, • • • , UJ n ), LJk € I, 1 < fc < n}, 
. 7* := U n >i7", 

. r» : = n^j, 

• 4> u := ^ o 4> U2 o • • • o Wn , for w = wiw 2 ■ • • w„ e 7 n , n > 1, 

• |w| denote the length of u> € I* U 7°°, 

• w|„ = U1U2 ■ ■ ■ u) n , if \w\ > n, 

• [u>\ n ] = [wi...w„]={ier: a;i = Wi, • • • , x n = u> n }, 

• a : I°° — » 7°° the shift transformation, 
. ||#J := sup for we 7*, 

• C(X) space of continuous functions on X, 

• || • I |oo supremum norm on the Banach space C(X). 

For we/ 00 , the set 

OO 

tt(w)= n^i„w 

n=l 

is a singleton. We also denote its only element by 7t(oj). This thus defines a coding 
map 7T : 7°° — > X. The limit set J of the iterated function system is defined by 

J :=7r(7°°). 

Denote by dX the boundary of X and by Int(X) the interior of X . 

We say that the iterated function system S = {(j)i}i e i satisfies the open set 
condition if there exists a non-empty open set U C X such that 4>i{U) C U for each 
i e 7 and ^(C/) n 0j (t/) = for each pair i, j £ I,i ^ j. 

An iterated function system S = : X — > X : i e 7} is said to be conformal if 
the following are satisfied: 

(1) the open set condition is satisfied for U = Int(X); 

(2) there exists an open connected set V with X C V C M. d such that all maps 
<f>i, i € 7, extend to C 1 conformal diffcomorphisms of V into T^; 

(3) there exist h,£ > such that for each a; € <9X C M d , there exists an open 
cone Con(x, h, £) C Int(X) with vertex x, central angle of Lebesgue measure h and 
altitude £; 

(4) (Bounded Distortion Property) there exists K > 1 such that |<^(y)| < 
K\(f>' u) (x)\ for every ui e 7* and every pair of points x,y eV. 

The topological pressure function for a conformal iterated function systems S = 
{4>i : X — > X : i e 7} is defined as 

P(t):= lim llog IKII*- 

|oj I — n 

The system 5 is said to be regular if there exists t > such that P(t) = 0. 

Let [3 > 0. A Holder family of functions of order /? is a family of continuous 
functions F = {/« : X -> C : i e 7} such that 

^(T 1 ) = supK(7^) < 00, 

n>l 



18 



AI-HUA FAN, LING-MIN LIAO, BAO-WEI WANG, AND JUN WU 



where 

V n (F) = sup sup - / (wi) (^M(y))|}e /3( "- 1) 



x,y£X 

A family of functions F = {/W : X — > M, i e J} is said to be strong if 



E 



(«) , 



|e J | loo < oo. 
iei 

Define the Ruelle operator on C(X) associated to F as 

C F (g)(x) :=J2e f<i)(x) 9(M^)- 
iei 

Denote by L* F the dual operator of Cf- 

The topological pressure of F is defined by 



1 ( n 

P(F):= lim - log V exp sup V f u * o 

|w|=n \ J = l 



A measure ^ is called F-conformal if the following are satisfied: 

(1) v is supported on J; 

(2) for any Borel set A C A and any u £ I*, 

v{<f>u{A)) = J a exp ^ /(^) o 4> a3uJ - P(F)M j dv- 

(3) v{<j) UJ {X)n<t) T {X)) = Q u,TGl n ,uj^T,n>l. 

Two functions <p, ip e C(X) are said to be cohomologous with respect to the 
transformation T, if there exists u G C(X) such that 

<^(a;) = 4>(x) + u(x) — u(T(x)). 

The following two theorems are due to Hanus, Mauldin and Urbanski [17]. 

Theorem 4.1 ([17]). For a conformal iterated function system S = {<pi : X — > 
X : i e 1} and a strong Holder family of functions F — {/W : X — > C : i e /}. 
£/iere exists a unique F-conformal probability measure vf on X such that C* f i>f = 
e p ( F ) l/F _ There exists a unique shift invariant probability measure p,p on I°° such 
that hf '■= jj-F ° tt -1 is equivalent to vp with bounded Radon- Nikodym derivative. 
Furthermore, the Gibbs property is satisfied: 

J_ < MMn]) < c 

C ~ exp (E;=i /<<■*> WM) - nP(F)) ~ 

Let * = {V> W : A -» M : i e /} and F = {/« : X -» R : i e /} be two 
families of real-valued Holder functions. We define the amalgamated functions on 
J°° associated to "J/ and F as follows: 

i>(w) := tp (uJl) {-n{aoj)), f(uj) := f {uJl) (tt((tlu)) e I°° . 

Theorem 4.2 ([17], see also [31], pp. 43-48). Let * and F be two families of 
real-valued Holder functions. Suppose the sets {i e I : sup x (ip( l \x)) > 0} and {i e 
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/ : sup a .(/W(ar)) > 0} are finite. Then the function (t,q) ^ P(t,q) = P(tV + qF), 
is real-analytic with respect to (t,q) £ lnt(D), where 

D = f(t,g) : V cxp(sup(t^)(x) +qf^(x))) < oo) . 

Furthermore, ifV& + qF is a strong Holder family for (t, q) <E D and 

"(l/l 



/< 



w/iere := fity+qF is obtained by Theorem 4-1, then 

dP f ~ dP f ~ 

— = J ipdfk, q and — = J fdp, t , q . 

If tip + qf is not cohomologous to a constant function, then P(t, q) is strictly convex 
and 



H{t,q) :-- 



( d 2 P d 2 P \ 

1 ~5t T dtdq 

d 2 P d 2 P 

\ dtdq 'dq T I 



is positive definite. 



A.2. Continued fraction dynamical system. We apply the theory in the prece- 
dent subsection to the continued fraction dynamical system. Let X = [0, 1] and 
/ = N. The continued fraction dynamical system can be viewed as an iterated 
function system: 

S = [%l>dx) = — : i e N 
t I + x 

Recall that the projection mapping n : I°° — > X is defined by 

oo 

7r(w) := f]^ ln (X), V^er. 

n=l 

Notice that ^[(0) = — 1, thus (4.1) is not satisfied. However, this is not a real 
problem, since we can consider the system of second level maps and replace S by 
S := {tpi o tpj : i,j £ N}. In fact, for any x £ [0, 1) 

<*^>=(^)'=(_W4 

In the following, we will collect or prove some facts on the continued fraction 
dynamical system, which will be useful for applying Theorem 4.1 and 4.2. 

Lemma 4.3 ([29]). The continued fraction dynamical system S is regular and 
conformal. 

For the investigation in the present paper, our problems are tightly connected 
to the following two families of Holder functions. 

# = {log |V>-| : i £ N} and F = {- logi : i £ N}. 

Remark 4.4. We mention that our method used here is also applicable to other 
potentials than the two special families introduced here. 
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The families 4' and F are Holder families and their amalgamated functions are 
equal to 

$(u)) = -21og(wi + -k{uuj)), /(w) = - logwi e N°°. 
For our convenience, we will consider the function f4" — qF instead of + qF. 

Lemma 4.5. Let D := {(t, q) : 2t — q > 1}. For any (t, q) G D, we have 

(i) The family i4' — qF := {t log |^| + q^ogi : i € N} is Holder and strong. 

(ii) The topological pressure P associated to the potential t4 f — qF can be written 

as 

P(t, q) = lim - log Y] exp f sup log TT , ■ ■ ■ , w„ + z]) 2 ' ) . 

n^oo n * — ' \ x / 

ui,-,w„ \ j=l / 

Proof. The assertion on the domain 13 follows from 

OO .g OO 

-C(2t - q ) = c t ^ qF i = E -r-^r t < E i9 ~ n = C(2* - 

where £(2f — q) is the Ricmann zeta function, defined by 

OO 

c(*) : =E^ Vs>1 - 

n=l 

(i) For (t, q) G D, write (t* - gF )W := t\og |^-| + q-logi Then 

OO OO 

E J exp {(** - qF)^} L = E I (^|L - E ^ - C(» - ff ) < oo. 

iel i=l v 7 i=l 

Thus V$> — qF is strong. 

(ii) It suffices to noticed that 

(n \ n 

y2(Ai'L\+Q lo S^j) i'<Tiu,(x)) =suplogTTw?([o; j ,--- ,uj n + x]) 2t . 

□ 

Denote by C^_ qF the conjugate operator of Lt^- q F- Applying Theorem 4.1 
with the help of Lemma 4.3 and Lemma 4.5, we get 

Proposition 4.6. For each (t, q) G D, there exists a unique i4 r — qF-conformal 
probability measure v ttQ on [0,1] such that H* t ^_ qF vt, q = s P<,t ' q ^t.q, and a unique 
shift invariant probability measure fit, q on N°° such that ^t,q ■— ftt.q ° on [0, 1] 
is equivalent to v t , q and 

1< 7 hAMn]) c Vll)GN oo^ 

6 exp (E"=i(** - gf^M^'w)) - nP(t,q)) 

Lemma 4.7. For f/ie amalgamated functions ip(oj) — — 21og(o>i + w(au))) and 
/(w) = — logwi, we have 

- J log\T' (x)\fj, t , q = J i>dp, t ,q and J ' log a^dfi^q = - j fdfit.q- (4.2) 
and tip — qf is not cohomologous to a constant. 
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Proof, (i). Assertion (4.2) is just a consequence of the facts 

-log|T'(7r(u;))| =$(w), log 0l (7r(w)) = -/» Vc^ e J°°. 

Suppose tip — qf was not cohomologous to a constant. Then there would be a 
bounded function g such that tip — qf — g — goT + C, which implies 

, 71—1 n 

lim _ _ g/)(tr»w) = lim g ~ g - - + C = C 

n—>oo n — ' n— *oo 77, 

for all cj G J°°. On the other hand, if we take wi = [1, 1, ■ ■ ■ , ], o> 2 = [2, 2, • • • ] and 
uiz = [3, 3, • • • ] , we have 

_^ n— 1 

lim - Y](tV> - qf){a J uii) = Q, 

where 

C 1 = 2tlog(^ = ^), C 2 -2tlog(^^) + glog2, C 3 = 2tlog(^ = ^) + g log3. 

Thus we get a contradiction. □ 

By Theorem 4.2 and the proof of Lemma 4.5, we know that D = {(t, q) : 2t — q> 
1} is the analytic area of the pressure P(t, q). Applying Lemma 4.7 and Theorem 
4.2, we get more: 

Proposition 4.8. On D = {{t, q) : 2t - q > 1}, 

(1) P(t, q) is analytic, strictly convex. 

(2) P(t,q) is strictly decreasing and strictly convex with respect to t. In other 
words, Q^-(t,q) < and Q^(t,q) > 0. Furthermore, 



> r 

-(t,q) = -J ]og\r{x)\dtH, q . (4.3) 



dP , 
~dt 

(3) P(t, q) is strictly increasing and strictly convex with respect to q. In other 
words, ^{t,q) > and %^r(t,q) > 0. Furthermore, 

dP . 



9 -(*.«) = / logoi(x)d/it, g . (4.4) 



(4) 

H(t,q) :-- 

is positive definite. 



d 2 P d 2 P \ 

IW dtdq 



d 2 P d 2 P 
dtdq dq' 2 ) 



At the end of this subsection, we would like to quote some results by D. Mayer 
[34] (see also M. Pollicott and H. Weiss [36]). 

Proposition 4.9 ([34]). Let P(t) := P(t,0) and \i t '■= f-t.o, then P{t) is defined in 
(1/2, oo ) and we have P(l) = and fii — fia- Furthermore, 

P'(t) = - Jlog\r(x)\dfH{x). (4.5) 
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In particular 

P'(0) = - y log \T'(x)\d^ G (x) = -A . (4.6) 

Remark 4.10. Since /U^o = /ii = ^g, by (4-4), we have 
dP f 

— (1,0) = J loga 1 (x)dfi G =Zo- (4.7) 

4.3. Further study on P(t,q). We will use the following simple known fact of 
convex functions. 

Fact 4.11. Suppose f is a convex continuously differentiable function on an interval 
I. Then f'(x) is increasing and 

f{x) < fJyLJM < riy) x , ye i,x<y. 

y — x 

First we give an estimation for the pressure P(t, q) and show some behaviors of 
P(t, q) when q tends to — oo and 2t — 1 (t being fixed). 

Proposition 4.12. For (t,q) e D, we have 

-t log 4 + logC(2t -q)< P(t, q) < logC(2t - q). (4.8) 

Consequently, 

(1) P(0, q) = logC(— q), and for any point (t , q ) on the line 2t — q = 1, 



(2) for fixed t e M, 



lim P(t, q) = oo; 

(t,q)->(to,go) 



dP 



(3) for fixed t el, we have 

li m ^lil=0, lim ^-(t,q)=0. (4.10) 

Proof. Notice that ^j^-j- < [wj, ■ • • ,ui n + x] < for x £ [0, 1) and 1 < j < n. 
Thus we have 

oo n oo 

W — 1 Wl,"- ,w n j = l w — 1 

Hence by Lemma 4.5 (ii), we get (4.8). 
We get (1) immediately from (4.8). 

Look at (2). For all q > q , by the convexity of P(t, q) and Fact 4.11, we have 
dP > P(t,q)-P(t,q ) 

dq q-qo 

Thus 

lim ^( t>? )> lim P(^)-P(t, q ) =Qo 

q->2t-l dq 9 ->2t-l (Jo - q 

Here we use the fact that lim P(t, q) = +oo. Hence we get (4.8). 

q— >2t — 1 



KHINTCHINE EXPONENTS AND LYAPUNOV EXPONENTS 



23 



In order to show (3), we consider P(t, q)/q as function of q on (—00, 2t — 1) \ {0}. 
Noticed that for fixed t e M, lim 9 ^_oo £(2i - q) = 1. Thus 

Ihn l0gC(2t - g) =Q. 

00 g 

Then the first formula in (4.10) is followed from (4.8). 

Fix qo < 2t — 1. Then for all q < g , by the convexity of P(t, q) and Fact 4.11, 
we have 

dP < P(t,q )-P(t,q) 

dq qo-q 

Thus 

dP, , , P(t,qo)-P(t,q) 
lim — (i,g)< lim v ' w; = 0. 

<j^-oo qo — q 

Hence by Proposition 4.8 (3), we get the second formula in (4.10). □ 

4.4. Properties of <z(£))* Recall that £0 = / logai(x)/ZG and D := {(i, 9) : 
2i- g > 1,0 < i < 1}. 

Proposition 4.13. For any £ G (0,oo), i/ie system 

admits a unique solution (t(£), (?(£)) G D . For £ = £ , the solution is (t(£o), q(£o)) = 
(1,0). The function t(£) and q(£) are analytic. 

Proof. Existence and uniqueness of solution (£(£),<?(£))• Recall that P(l, 0) = 
and P(0,q) = log((-q) (Proposition 4.12). 

We start with a geometric argument which will followed by a rigorous proof. 
Consider P(t, q) as a family of function of q with parameter t. It can be seen from 
the graph (see Figure 3) that for any £ > 0, there exists a unique t € (0, 1], such 
that the line £q is tangent to P(t, •). This t — t(£) can be described as the unique 
point such that 



inf 

?<2t(|)- 



i (P(t(0,9)"^)=0. (4.12) 



We denote by q(£) the point where the infirnum in (4.12) is attained. Then the 
tangent point is P(t(£), <?(£))) and the derivative of P(t(£),q) — q£ (with 

respect to q) at equals 0, i.e., 



P(*(0,9)-^) , |,«)=0. 



Thus we have §f = £. By (4.12), we also have P(t(£), <?(£)) - q(£)£ = 0. 

Therefore (i(£) , <?(£)) is a solution of (4.11). The uniqueness of follows by the 
fact that ^ is monotonic with respect to q (Proposition 4.8). 
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P(t,q) 




Figure 3. Solution of (4.11) 

Let us give a rigorous proof. By (4.9), (4.10) and the mean-value theorem, for 
fixed t GM. and any £ > 0, there exists a q(t, £) G (— oo, It — 1) such that 



dP 
dq 



(4.13) 



The monotonicity of ^ with respect to q implies the uniqueness of q(t,£) (Propo- 
sition 4.8). 

Since P(f , q) is analytic, the implicit q(t, £) is analytic with respect to t and £. 
Fix £ and set 

W(t) :=P(t,q(t,0) -£q{t,0. 



Since 



W'(t) = ^(t,«(t,0) + ^(t,g(*,0)^(*,0-^(*,0 



dt 

dP 

~dt 
< 



[t,q(t,0) (by(4.13)) 

(by Proposition 4.8(2)). 

Thus Wit) is strictly decreasing. 

Since P(0, q) = log £(-<?) > (q < -1), for £ > we have 

W(o) = p(o,«(o s 0)-£g(o,O>o. 

Since P(l, (?) is convex and P(l, 0) = 0, by Fact 4.11 we have 

p(i, g (i,0)-o ap. , 

g(l,£)-0 <9<7 

and 

0-P(l,g(l,£)) dP, , fwwn 

0-a(l,£) ^(^^) ={ ' lf ^'fX - 
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If g(l,C) = 0, we have in fact £ = Co and P(l,g(l,C)) = 0. Hence, in any case we 
have 

P(l,g(l,0)-e«(l,0<0. (4.14) 

Therefore, W(l) = P(l, g(l, 0) - 6/(1,0 < 0. 

Thus by the mean- value theorem and the monotonicity of W(t), there exists a 
unique t = G (0, 1] such that W(t(£)) = 0, i.e. 

p(mM*(tu)) =&(*(o,o- ( 4 - 15 ) 

If we write g(t(£),£) as g(C), both (4.13) and (4.15) show that <?(£)) is 

the unique solution of (4.11). For £ = Co, the assertion in Proposition 4.9 that 
P(0, 1) = = • Co and the assertion of Remark 4.10 that §|(1, 0) = Co imply that 
(0, 1) is a solution of (4.11). Then the uniqueness of the solution to (4.11) implies 

(*(&), <?(&)) = (0,i). 

Analyticity of (i(C),g(C))- Consider the map 



F = 



Fi\_( P{t,q)-qt 
F 2 -{ %(t,q)-t 



Then the jacobian of F is equal to 

/ dF\ dF\ 

J(F) =: g % d % 



dq 




Consequently, 



dP d 2 P 
dt dq 2 

Thus by the implicit function theorem, f(£) and g(C) are analytic. □ 



det(J(P))| t=t(0 , g=9(?) = — ■— ^0. 



Now let us present some properties on Recall that Co = §^ (1, 0). 
Proposition 4.14. g(£) < /or C < Co/ g(Co) = 0; g(C) > /or C > Co- 
Proof. Since P(l, g) is convex and P(l, 0) = 0, by Fact 4.11, we have 

W^.")-*. (,>0» (M,- 6 . (.<»,. 

Hence for all g < 1, 

P(l,g)>£o5- (4.16) 

We recall that (f(Co), °(Co)) = (1,0) is the unique solution of the system (4.11) 
for £ = Co- By the above discussion of the existence of t(£), = 1 if and only if 
C = Co- Now we suppose t € (0, 1). For £ > Co, using (4.16), we have 

P(t,g) >P(l,g) >gCo > gC (Vg < 0). 
Thus g(C) > 0. For C < Co, using (4.16), we have 

P(t,q) >P(l,g) >gCo > gC (Vg > 0). 
Thus g(C) < 0. □ 
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Proposition 4.15. For £ e (0,+oo), we have 

q(0 



*® = ^ttSt ^w (4 - 17) 



Proof. Recall that 



-P(i(f),?({» =?({){, 
By taking the derivation with respect to £ of the first equation in (4.18), we get 

Taking into account the second equation in (4.18), we get 

□ 

Proposition 4.16. We have > for £ < £ , <'(£o) = 0, and < /or 

£ > £o- Furthermore, 

t(0-0 (£->()), (4.20) 

i(0->l/2 (£^+oo). (4.21) 

Proof. By Propositions 4.14 and 4.15 and the fact ^ > 0, is increasing on 
(0,£o) an d decreasing on (£ ,oo). Then by the analyticity of we can obtain 
two analytic inverse functions on the two intervals respectively. For the first inverse 
function, write £1 = £i(t). Then > and 

(the equations (4.11) are considered as equations on t). By Proposition 4.14, wc 
have q(£i(t)) < then P(t, q(£i(t))) < 0. By Proposition 4.12 (1), lim P(t, q) = 

00. Thus there exists qo(t) such that qo(t) > q(t) and P(t,qo(t)) — 0. Therefore 

dP dP 
b(t) = -^(t,q(t))< -^(t,qo(t)). 

Since P(0, g) = log£(— q), we have lim t _>o <7o(*) = 00. Thus we get 

dP dP 
lim— (t,q {t))= lim _(0,g) = 0. 

Hence by £i(t) > 0, we obtain lim^o £1 (*) = which implies (4.20). 
Write £ 2 = £,2(t) for the second inverse function. Then £' 2 (t) < and 

, , s P(t,q(t)) dP , , ss dP , „ N 

This implies (4.21). □ 
Let us summarize. We have proved that is analytic on (0, 00), limt(£) = 

and lim t(£) = 1/2. We have also proved that is increasing on (0, £0), 

decreasing on (£ ,oo) and t(£o) = 1- 



KHINTCHINE EXPONENTS AND LYAPUNOV EXPONENTS 



27 



5. KHINTCHINE spectrum 
Now we are ready to study the Hausdorff dimensions of the level set 

1 " 

£ € = {x e [0, 1) : lim - V logons) = £}. 



n— »oo n ■ 

3 = 1 



Since Q is countable, we need only to consider 

1 " 

{x G [0, 1) \ Q : lim - V log aj (x) = £}. 

which admits the same Hausdorff dimension with and is still denoted by E^. 

5.1. Proof of Theorem 1.2 (1) and (2). Let (t, q) e D and Ht,q,fit,q be the 
measures in Proposition 4.6. For .t e [0, 1) \ Q, let x = [ai, ■ ■ ■ , a„, • • • ] and w = 
7t _1 (.t). Then w = ai • • • a n ■ ■ ■ e N N and 

fH,q{In{x)) = fH,q(In(ai, ' ' ' ,«n)) = Mt,g(M„]). 

By the Gibbs property of jj,t, q , 

n 

At,,(7r([w| n ])) x exp(-nP(t, g ))[]^(^+7r( ( 7^))- 2t . 
In other words, 



lH, q {I n {x)) ~exp(-nP(t,q)) JJa][a j; --- ,a„, 



i2i 



By Lemma 2.7, |7„(a;)| x |(T n )'(a;)| _1 = n"= l^'WI 2 - Thus we have the following 
Gibbs property of 



IH, q {I n {x)) x expl-nP^g))!^^)! 4 J]aj. (5.1) 

It follows that 

log^, g (J»(:r)) g-^E" = ilog%-^ g) 

n-oo log 1 7 n (a;) I n^co A log |7„(a;)| 

The Gibbs property of /I tjg implies that is ergodic. Therefore, 
x ( \ 4. , qJlogai(x)dfj, t , q - P(t,q) 

S ^ = t+ -ji og \nx)\ d ,, q ^~ a - e - 

Using the formula (4.3) and (4.4) in Proposition 4.8, we have 



q BP(t,q)-P(t, q ) 



<W<, 0*0 = * + ^ft: n ' ~ fH,q-a.e.. (5.2) 



Moreover, the ergodicity of jj, t ,q also implies that the Lyapunov exponents X(x) 
exist for fi t ,q almost every x in [0, 1). Thus by (5.1), Lemma 2.12 and Lemma 2.13, 
we obtain 

d„ t , q {x) = 5 IXtq {x) = t+ — ap x nt, q -a.e.. (5.3) 

St i*' 1) 
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For £ € (0,oo), choose (t,q) = (t(0><?(0) e A) be the unique solution of (4.11). 
Then (5.3) gives 

<*/*«).««) (*) = *(0 IH,q-a-e~ 
By the ergodicity of At(£),g(£) ano - (4-4), we have for Mt(£),g(£) almost every cc, 

lim - Vloga^a;) = / logai(x)d/z t(s)i9(s) = -^-(i(0> ?(0) = £■ 
i=i 

So Mt(£),g(£) i s supported on E^. Hence 

dim(^) > dim/i t(0i<z(£) = (5.4) 

In the following we will show that 

dim(^) <t (yt> £(£)). (5.5) 

Then it will imply that dim(^) = t(£) for any £ > 0. For any i > i(£), take an 
e > such that 

and 

o <eo< ^g(0)-^(0.g(0) if^xo. 

(For the special case q(£) = 0, i.e., £ = £ , we have dimi?^ = 1 which is a well- 
known result). Such an e exists, for P(t, q) is strictly decreasing with respect to t. 
For all n > 1, set 

££(e ) := {are [0, 1) \ Q : £ - e < i logons) < £ + e |. 

Then we have 

00 00 
C |J f| i^(eo). 

jV=l n—N 

Let X(n, £, e ) be the collection of all n-th order cylinders I n {a\, • • • , a n ) such that 

1 " 

£ - e < - ^ log aj (x) < £ + e . 

Then 



n. 



= U J - 

•7eZ(n,£,e ) 

Hence { J : J € Z(n, £, e )j n > 1} is a cover of When > 0, by (5.1), we 
have 

00 

E E 

n=l JGX(n,?,e ) 

e nP(t, q (H)) |J|*( ai ... art )9(«) 



< 



E E 



fai • • • a n )«(£) e" p (*>9«)) 



OO 



< c.^ e ™Wt,,(£))-(£- e oM£)). £ /iti , (£) (J)<oo 

n=l Jel(n,£,e ) 
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where C is a constant. When < 0, 



< 



E E w 

n=l j£T(n,£,e ) 



1 (ai---a„)<e"K + e o) 



9(0) 



n=l Jel(n,{,e ) 

Hence we get (5.5). 

For the special case £ = 0, we need only to show dim(^o) = 0. This can be 
induced by the same process. For any t > 0, since lim^o = 0, there exists 
£ > such that < < £. We can also choose eo > such that 



> e . 



«(0 

For n > 1, set 

£ ™(e ) := Le [0,1) \Q: ±£lo gaj -(*) + 

We have 

oo oo 

C |J f) ££(e ). 

AT=1 n—N 

By the same calculation, we get dim(^o) < Since i can be arbitrary small, we 
obtain dim(.E'o) = 0. 

By the discussion in the preceding subsection, we have proved Theorem 1.2 (1) 
and (2). 

5.2. Proof of Theorem 1.2 (3) and (4). We are going to investigate more 
properties of the functions and t(£). 

Proposition 5.1. We have 

Jim q(0 = -oo, lim q(£) = 0. 

Proof. We prove the first limit by contradiction. Suppose there exists a subsequence 
& -> such that q(£ s ) —> M > -oo. Then by (4.20) and Proposition 4.8 (3), we 
have 

4 nm o ^(^),^))^(0,M)>0. 
This contradicts with 

|^(*(&), <?(&)) =6-0. 

On the other hand, we know that g(£) > when £ > £ , and < g(£) < 2t(£) — 1. 
Then by (4.21), we have lim g(£) = 0. □ 
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Apply this proposition and (4.17), combining (4.9) and (4.10). We get 

lim = +oo, lim = 0. 
£— >o £^oo 

This is the assertion (3) of Theorem 1.2. 

Now we will prove the last assertion of Theorem 1.2, i.e., t"(£o) < and there 
exists £i > £o such that £"(£i) > 0, basing on the following proposition. 

Proposition 5.2. For £ e (0, +oo), we have 



(€) " ? (0) ' ( } 

Proof. Taking derivative of (4.19) with respect to £, we get 

rP-P 8 2 P BP 

*'(0 2 ^(*(0,<z(0) +9 , (0* , (0^(*(0,9(0) +*"(0-^(t(0,9(0) =?'(0- 

(5.8) 

Taking derivative of the second equation of (4.18) with respect to £, we get 

+ «'(0^(*(0,9(0) = 1. (5-9) 

which gives immediately (5.6). 

Subtract (5.9) multiplied by from (5.8), we get (5.7). □ 

We divide the proof of the assertion (4) of Theorem 1.2 into two parts. 

Proof of i"(£o) < 0. By Proposition 4.8, ^(1,0) < 0. Since q(£ ) = 0, by (4.17) 
we have i'(£o) = 0. Also by Proposition 4.8, we get 

Q2p Q2p 

< ^-(*(&),«(&)) - "^-(1.0) < +oo, 

and 

0<^(^ ),^o)) = ^(l,0)<+oo. 
By (5.6) and (5.7), we have 

* / (0 2 ^W0,9(0)^(*(0,9(0)-(i-< / (0S(*(0.9(0)) 2 

* (£) = jjnr^ - — ■ (5-10) 

-f (*(0,9(0)^(*(0,9(0) 

Thus by t'(£ ) = 0, we have t"(£ ) < 0. □ 

Proof of t"(£i) > 0. Proposition 5.1 shows lim q(£) = and we know that 

<z(£o) = 0- However, q(£) is not always equal to 0, so there exists a(i£ [£o>+°°)) 
such that g'(£i) < 0. Write 



H(t,q) :-- 



d 2p g2 p \ 
'W r dtdq 
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and add (5.9) multiplied by o/(£) to (5.8), we get 
\ T BP 

*®,</(0)W,qW{ZW{Z)) +-^(f(0,9(0)* ,, (0 = 2g'(0- (5-H) 

Since H(t,q) is definite positive, Q^-(t,q) < and g'(£i) < 0, we have > 0. 

This completes the proof. □ 

6. Lyapunov spectrum 

In this last section, we follow the same procedure as in Section 4 and Section 5 to 
deduce the Lyapunov spectrum of the Gauss map. Kessebohmer recently pointed 
out to us that the Lyapunov spectrum was also studied by M. Kessebohmer and B. 
Stratmann [25]. 

Take 

F = * = {log : i € N}. 
instead of F = {- logi : i e N} and * = {log |^| : i e N}. Then the strong Holder 
family becomes (t — g)<J> and Z) should be changed to 

D:={(t,q) :t-q> 1/2}. 

Here and in the rest of this section we will use t instead of t to distinguish the present 
situation from that of Khintchine exponents. What we have done in Section 4 is 
still useful. Denote by P\(t, q) the pressure P((t — q)^)- Then 

Pi (t, q) = P(t - q), with P(.) = P(; 0), 

where P(-, •) is the pressure function studied in Section 4. Hence P\{t, q) is analytic 
and similar equations (4.3) and (4.4) are obtained just with log|T"(x)| instead of 
logoi(a;). 

To determine the Lyapunov spectrum, we begin with the following proposition 
which take the place of Proposition 4.12. 

Proposition 6.1. For (t,q) G D, we have 

-(t-q)log4 + log((2t-2q) < P^lq) < logC(2i-2 9 ). (6.12) 

Consequently, 

(1) for any point (to, qo) on the line t — q = 1/2, 



(2) for fixed t e 



lim P(t, q) = oo; 

(t,q)^(t ,q ) 



dP 

lim , ~a~ ^) = +°°! 



(3) recalling 70 = 2 log /or /ked t e M. 

hm =70, lim — — (t, g)=7o- 

g^-oo g 9^-00 (jq 

Proof. Pi (t, q) is defined as 

_^ 00 00 / n 

Pi(i,g) := lim -log V ••• V exp sup log TT([wj, ■ ■ ■ ,uj n + x]) 2(t ~ q) 

n -°° n ~i j^i V ie[o,i] 

The proofs of (1) and (2) are the same as in the proof of Proposition 4.12. 
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To get (3), we follow another method. Since Pi(t, q) = P(t — q), we need only 
to show 

Jim P'(t) = -7o, P(t) + h /0 = o(t) (t -» oo). 

By Proposition 4.9, P(t) is analytic on (1/2, oo). Let E := {P'(t) : t > 1/2}, 
denote by lnt(E) and C1(E) the interior and closure of E. By a result in [24], we 
have 

Int(£) C log\T'(x)\dfi : n e AlJ C Cl(£7), 

where M. is the set of the invariant measures on [0, 1]. By Birkhoff's theorem, for 
any fi e A4, we have 

J \{x)diJL = j \og\T'(x)\dfi. 
However, we know that \(x) > 70 = 2 log 1+ 2 ■ Thus 

log \T'(x)\dfi < -70 G M. (6.13) 



Let 6*o = ^ 2 1 • Then T(# ) = #0 and the Dirac measure fi — 8g is invariant, and 



J log \T'(x)\dS eo = - log \r(9 )\ = - 7 o- 



However, by the continuity of P', we know that E is an interval. Therefore —70 is 
the right endpoint of E. Since P'(t) is increasing, we get 

Jim P'(t) = -70. 

Let {P n }n>i be such that (3 n < —70 and lim (3 n = —70. There exist t n <G R 

n — >oo 

such that t„ — > 00 and P'(t n ) = f3 n . By the variational principle ([40], see also 
[34]), there exists an ergodic measure fj, tn such that 



P (tn) = V„ -tnj log \T\{x)dtH n , 



where stands for the metric entropy of fi tn . By the compactness of M there 
exists an invariant measure /i^ which is the weak limit of ji tn (more precisely some 
subsequence of [it n - But, without loss of generality, we write it as ^t„). By the 
semi-continuity of metric entropy, for any e > we have h^ tn < /i Moo + e when t n 
is large enough. Thus by (6.13), 

P(t n ) < + e-t„7 . 

We will show that = (see the next lemma), which will imply 

P(t n ) < e - t„7 . 

However, by the definition of Pi(t, q), P(t) can be written as 

1 * / \ 

P(t) = lim - log V • • • V exp sup log TTflwj, • • • ,w n + x]) 2t . 
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Thus if we just take one term in the summation, we have 



P(t) > lim - logexp ( sup log TT ([1, ■ ■ ■ ,1, 1 + a;]) 2 ' ' ) = -ho- 
" K " \xe[o,i] fJi v 



n-j 

Hence we get 

P(t) + ho = o(t) (t-»oo). 

□ 

Now we are led to show 
Lemma 6.2. h u = 0. 

Moo 

Proof. Let /i Moo (x) be the local entropy of ^ at x which is defined by 

= Um log/i 0O (/ B (x)) > 

n— >oo n 

if the limit exists. Let ( x ) be the lower local dimension of at x which is 
defined by 

D (x) :=liminf lQg ^ (i3(x ' r)) . 
— ' r ^o logr 

By Shannon-McMillan-Breiman theorem, (x) exists ^-almost everywhere. It 
is also known that X(x) exists almost everywhere (by Birkhoff's theorem). So, by 
the definitions, we have 

h^{x) = D floo (x)X(x) Hoo-a.e.. 
By Birkhoff's theorem and (4.5), 

\(x)d^ 00 (x) = J log\T'\(x)dfj, 00 (x) 
= lim / log|T'|(x)^ t „ 

n^oo J 

= - lim P'(t n ) = 70 < oo. 

n — >oo 

Hence X(x) is almost everywhere finite. Recall that [8] 

fyuoc = J h lloo {x)dn (x {x). 

Thus it suffices to prove 

— Moo( x ) = Moo - a-e.. 
That means ([13]) the upper dimension of ^ is zero, i.e., ^ is supported by a 
zero-dimensional set. 

Since J \(x)dfj, oc (x) = 70 and X(x) > 70 for any a;, we have for fi^ almost ev- 
erywhere A (a;) = 7o- Thus by Birkhoff's theorem, is supported by the following 
set 



/ 



r 1 ™ _1 1 

\x e [0,1] : lim - V log|T'(r^)| = 70 k (6.14) 
I „^oo n ^ J 

Thus we need only to show that the Hausdorff dimension of this set is zero. 
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Recall 

71-1 



lim log|T'(T J 'a;)| =2 lim -logqjx). 

n— *oo Jl — 4 n—>oo Tl 

3=0 

By Lemma 2.8, (6.14) is in fact the following 

(x€[0,ll: lim -V logo, ;(x) = ol. (6.15) 
7i— >oo n z — ' 

^ 3=1 J 

However, the Hausdorff dimension of (6.15) is nothing but t(0), the special case 
£ = discussed in the subsection 5.1., which was proved to be zero. Thus the proof 
is completed. □ 

Recall that A = / log \T'(x)\dfia- Let D := {(i,q) : i - q > 1/2,0 < t < 1}. 
We have a proposition similar to Proposition 4.13. 

Proposition 6.3. For any (3 € (70,00), the system 

P 1 (t,q)=qp, 

admits a unique solution (i(/3), q(/3)) € -Do- For f3 = Xq, the solution is (t(Ao), ?(Ao)) : 
(1,0). The functions t((3) and q{(3) are analytic. 

With the same argument, we can prove that t((3) is the spectrum of Lyapunov 
exponent. It is analytic, increasing on (70, Ao] and decreasing on (Ao,oo). It is also 
neither concave nor convex. In other words, Theorem 1.3 can be similarly proved. 



P(t,q) 




Figure 4- Solution of (6.16) 

We finish the paper by the observation that the Lyapunov spectrum can be 
stated as follows, which is similar to the classic formula, but with the difference 
that we have to divide the Legendre transform by (3. 
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Proposition 6.4. 

m = P{ ~l m - q((3) = - M{P(-q) - q(3}. (6.17) 

P P i 

Proof. In fact, the family of functions Pi(t, q) with parameter t are just right trans- 
lation of the function P(—q) with the length i. Write the system (6.16) as follows 



P(i-q)=qP, 
'{t-q)=p. 



dPu „s _ a (6-18) 



If we denote by fi q , the Gibbs measure with respect to potential qty, then by a left 
translation the system (6.18) can be written as 

P(-q) = (t + q)(3, 



Thus 



dq 

By using the second equation, we can write q as a function of /3, hence we get 
(6.17). □ 




Figure 5. The other way to see t(f3) 
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